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Semi-Conjugate Priors in Linear
Regression

e Regression Model (Sampling model)

Y |B,¢~NXB,¢ 'L
e Semi-Conjugate Prior Independent Normal Gamma

B ~ N(by, &)
¢ ~ Gamma(v/2,SS¢/2)

= Conditional Normal for 8 | ¢,Y and
= Conditional Gamma ¢ | Y, B

= requires Gibbs sampling or other Metropolis-Hastings algorithms
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Conjugate Priors in Linear Regression

e Regression Model (Sampling model)

Y |B,¢~N(XB,¢ 'I,)

« Conjugate Normal-Gamma Model: factor joint prior p(8, ¢) = p(B | ¢)p(¢)

|¢‘I>0 | 1/ e{—% (5—b0)T‘I’0(ﬂ—bo)}

816~ N(bo, 6712, PBIE) = o
1 SSo \ "/ vo/2—1 —
¢ ~ Gamma(vg/2,SS¢/2) p(¢) = YD) < > ) "/ * e

= (187 ¢) ~ NG(bOa @071/07550)

e Normal-Gamma distribution indexed by 4 hyperparameters

« Note Prior Covariance for Bis scaled by 0 = 1/¢
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Finding the Posterior Distribution

e Likelihood: £(8, $) o ¢™/2e—5(Y-XB)"(Y-XB)

n _¢(y_ T(v_
p(B,¢|Y) ox pre T (Y XB(Y-XB)

¢VTO_16_ @ % ¢§6_%(ﬂ—bo)T‘f’o(l3—bo)

e Quadratic in Exponential

exp {—%(ﬂ _b)TB(8 b)} — exp {—%(ﬂ%ﬂ _ 2BT<I>b+bT<I>b)}

Expand quadratics and regroup terms

Read off posterior precision from Quadraticin 8

Read off posterior mean from Linear termin 8

will need to complete the quadratic in the posterior mean due to ¢
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Expand and Regroup

Y SS
b2 lem8T x e T(ABB-26TBob+biBoby)

n+p+1/0

p(Byp|Y)oxop 2 1, =5 (SSo+Y Y +b{ Bbo) o,
— 5 (BT(XTX)B—-28"X"X(XTX) 'XTY+B%:S-287Bb)

(&

_ ¢ n+p2+u0 1

o5 (SSoTY Y +b] ®oby)

—2(BT(XTX+®,)B)

€ X

e

e (—2ﬂT(XTXB+q>0bO))
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Complete the Quadratic

n+p +1/0

—2(SSo+YTY+bl®)by)

p(B,¢|Y) x ¢

e (XTX+<I>o)ﬁ) y

X

N

l\)

- ( 287%, & (XTX,B+<I>0b0)) y

SRS

o~ 5 (bl ®,b,~b®,b,)

n+1/0_ 1)
e ¢ 2 e

bhe H(87 b3 b,)

10/4/23, 6:23 PM

&, =X'X1+ &,

b, = &, (XTX3 + ®¢by)

—2(SSo+YTY+b! ®:by—bl P bn)

x ¢ g e—%(SSO+YTY+b§<I>0b0—b£<1>nbn) y
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Posterior Distributions
Posterior density (up to normalizing contants) p(8,¢ | Y) = p(¢ | Y)p(B | ¢Y)

n+1/0

p(6 | Y)p(B| ¢Y) o ¢ 7 L™ 3 (SS0+Y Y4b{@oby—bi@.by)
(27) % |p®,,|F e T (Bbr) ®u(Bb1)

Marginal

n+v

p(@|Y)oxo
/ (27) —3 p®., | 5o 5 (B-bn) ®,(8-bn) dB
Rp

501~ 5 (SSo+YTY+b] Boby—b] .by)

~1 e—§(550+YTY+bOT§0bO—b£q>nbn) %

= ¢

e Conditional Normal for 8 | ¢, Y and marginal Gammafor ¢ | Y

e No need for Gibbs sampling!
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N G Posterior Distribution

B| 6, Y ~N(b,, (¢2,) ")

v, SS,
¢|Y~Gamma(7, 5 )

(8,8) | Y ~ NG(by, ®n,vn,SSn)

Hyperparameters:
®, =X"X + ® b, = &, (XTXB + ®¢by)
Up =1+ 1 SS, =SSo+ Y'Y + bl ®;by, — bl ®,b,

SS, = SSo + ||[Y — Xb,||*> 4+ (bg — b,) ®¢(bg — by)
=SS+ [|[Y — Xby|* + [[bg — b 5,

e Inner product induced by prior precision (u, v) 4 = ul Av

¢ ||bo — an?I,O mismatch of prior and posterior mean under prior
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Marginal Distribution

¥ Theorem: Student-t
Let@ | ¢ ~ N(m, %2) and ¢ ~ Gamma(v/2,v52/2).

Then @ (p x 1) has a p dimensional multivariate ¢ distribution
0~ t,(m,5°)

with location m, scale matrix 62X and density

10— m) TS0 _m)1 "
2(8) 1_%___( ) 2l ( )
v o

Note - true for prior or posterior given Y
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Derivation

Marginal density p(6 fo (0| ¢)p(¢) do

/|2/¢| 1/2—(0 m)Tx 1 0m)¢y/21 ¢2d¢
X /¢p/2¢7//2—1€_ (0-m)Ts~ ;(efm)ﬁ/&z dé

ptv . (B—m)TE*l(9—m)+uff2
x / $ 2 le? ? do

pt+v

(0 —m)TZ (0 — m) + v5? ) B

_T((p+ v>/2>(

x (8 —m)'="10—m)+vs?) °
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Marginal Posterior Distribution of 3

Bl Y ~N(b,¢ '®,")
¢ |Y ~ Gamma (Vn SS")

27 9

Let 52 = SS.. /vy, (Bayesian MSE)

The marginal posterior distribution of 3 is multivariate Student-t

B|Y ~t, (by,&®")

Any linear combination )\T,B has a univariate t distribution with v,, degrees of
freedom

MB|Y ~t, ATb,, 62273, 1))

use for individual B, the mean of Y, x” B, at x, or predictions Y * = x*T,B +€;
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Predictive Distributions

Suppose Y* | B, ¢ ~ Ns(X*B,1I,/¢) andis conditionally independent of Y given 3
and ¢

e What is the predictive distributionof Y* | Y?

D
o Usetherepresentationthat Y* = X*83 + €* and €* is independent of Y given ¢

X*B+e€ |, Y ~NX*b,, (X*®,' X" 1+1,)/4)
Y* |4, Y ~ N(X*b,, (X*®,"X* +1,)/¢)

~2
é|Y ~ Gamma (% “2””)

e Use the Theorem to conclude that

Y'Y ~t, (X*b,, 621+ X*® X))
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Choice of Conjugate (or Semi-Conjugate)
Prior

e need to specify Normal prior mean by and precision ®

« need to specify Gamma shape (v, prior df) and rate (estimate of -2)
e hard in higher dimensions!

e default choices?

= Jeffreys’ prior

unit-information prior

Zellner’s g-prior

ridge priors

mixtures of conjugate priors
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Jeffreys’ Prior

e Jeffreys prior is invariant to model parameterization of @ = (3, ¢)
p(8) o< [Z()["

e 7(0)isthe Expected Fisher Information matrix

9% log(L()) ] |
00,00 ;

7(6) = —E[[

e |og likelihood expressed as function of sufficient statistics

10/4/23, 6:23 PM

14

l0B(£(8,6)) = "108(6) — & (L — Py Y|* - £ (8- ) (X"X)(8 - B)

2

e projection matrix Px = X(X1X)"1xX*
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Information matrix

’logL | —¢(XTX)  —(XTX)(B-A)
0606" | —(B-B)"(X"X) —5
E[azlogﬁ] B [—p(X'X) 0,
00007 © | 0, ~5 5
H(XTX) o0
(B, =| gr a1 ]
i p 2 ¢?

Jeffreys’ Prior (don’t use!)

1/2
ps(8,9) o IZ((B,#)")[* = [$XTX|" 2(%@ x ¢/ XTX |

x ¢p/2—1
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Recommended Independent Jeffreys Prior

e Treat B and ¢ separately (orthogonal parameterization)

* prs(B) o |Z(B)|"/? andprs () o< |Z(¢)|"/?

X'X) o,

p

prs(B) o [¢XTX|V? o 1
prs(¢) x ¢
p1s(B,¢) < prs(B)prs(¢) = ¢~
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